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Abstract
It is proved that, according to Classical Mechanics and Electrodynam-
ics, the trajectory of the center of mass of a neutral system of electri-
cal charges can be deflected by an inhomogeneous magnetic field, even
if its internal angular momentum is zero. This challenges the common
view about the function of the Stern-Gerlach apparatus, as resolving the
eigen-states of an intrinsic angular momentum. Doubts are cast also on
the supposed failure of Schro¨dinger’s theory to explain the properties of
atoms in presence of magnetic fields without introducing spin variables.
PACS 03.53.-w Quantum Mechanics
1 Introduction
In a previous paper [1] we have shown that the correspondence principle implies
that the operator for angular momentum of a particle in an electromagnetic
field is:
Lˆ = ~r × (−ih¯∇−
q
c
~A), (1)
where ~A is the vector potential. As we mentioned there, (1) is also required to
guarantee that the corresponding expected values are gauge-invariant.
Under a gauge transformation that transforms the electrodynamic potentials
in the form:
φ′ = φ+
1
c
∂Λ
∂t
~A′ = ~A+∇Λ (2)
the wave function [2] is transformed as
ψ′ = e−
iq
h¯c
Λψ. (3)
The expected value of the operator −ih¯~r ×∇ for the wave function ψ′ is∫
ψ′⋆(−ih¯~r ×∇)ψ′ =
∫
ψ⋆(−ih¯~r ×∇)ψ +
q
c
∫
ψ⋆ψ~r ×∇Λ, (4)
1
that is not independent of Λ, showing that the operator −ih¯~r ×∇ cannot rep-
resent a physical observable, but where there is not a magnetic field.
Also, from the general relation
dfˆ
dt
=
i
h¯
[Hˆ, fˆ ] +
∂fˆ
∂t
, (5)
it’s clear that the term − q
c
~r × ~A must be included as part of the angular mo-
mentum, if the correct contribution of the electric field to the torque is going to
be obtained.
Thus, we are forced to conclude that (1) is the correct form of the angu-
lar momentum and, consequently, that the eigenvalues and eigenfunctions of
angular momentum depend of the configuration of electromagnetic field. (For
example: the eigenvalues of angular momentum are not integral multiples of h¯,
but where there is not a magnetic field.) This calls for a revision of the theory
of angular momentum, the theory of spin, in particular, and the theory of inter-
action of atoms with magnetic fields, that we undertake here, for the hydrogen
atom, from the classical models to the corresponding quantum equations.
The first thing we’ll note is that, following a classical lagrangian approach, it
can be proved that the motion of the center of mass and the internal motion of
a neutral system of electrical charges are not physically independent in presence
of a magnetic field. From this we’ll prove that the classical trajectory of the
center of mass of a neutral system of electrical charges can be deflected by an
inhomogeneous magnetic field, even if its internal angular momentum is zero.
This deflection is also predicted by Schro¨dinger theory, in view of Ehrenfest’s
theorem, challenging the common belief about the function of the Stern-Gerlach
apparatus, as resolving the eigen-states of an intrinsic angular momentum.
Also, we’ll see that the main evidence we have of the failure of Schro¨dinger’s
theory to explain the properties of atoms in presence of magnetic fields is not
completely reliable, because the usual formulation of the problem [3, p. 541] is
not accurate. It’s based on four assumptions [3, p. 541] [5, pp. 359-60]:
1. That the operator −ih¯~r × ∇ corresponds to the angular momentum—in
presence of the magnetic field—and, therefore, that the allowed values
of the projection of the angular momentum along the magnetic field are
integral multiples of h¯.
2. That the energy of the motion of the center of mass and the internal energy
of a neutral system of electrical charges are physically independent, even
in presence of a magnetic field.
3. That the energy of interaction with the magnetic field can be written in
the form:
E ~H = −~µ ·
~H.
where
~µ =
e
2mc
~L (6)
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4. That the projection of the operator −ih¯~r × ∇ along the magnetic field
represents a constant of motion.
We have already seen why the first assumption is not sound and we’ll prove,
in a very simple, but rigorous way, that the other three are not true either, for
the hydrogen atom.
In the last section we make an analysis of the classical magnetic field asso-
ciated to the hydrogen atom, showing that (6) is the result of a time-average
of dynamical variables, which is not suitable for quantization. Furthermore,
at this statistical level, we have a correction to the gyromagnetic ratio of the
internal angular momentum, since we prove that:
~µ =
e
2mc
mp −me
M
~L. (7)
The ideas exposed in this paper support an explanation of the phenomena
associated to spin as consequences of the Laws of Electrodynamics (Lorentz’
and Ampere’s) as applied to systems of electrical charges as wholes, but not as
manifestations of intrinsic properties of punctual particles, as was also sustained
in a different way by Bohr, who believed that the spin was only an abstraction,
useful to compute the angular momentum[4].
2 Hydrogen Atom in an Uniform Magnetic Field
Let’s consider the classical lagrangian of a hydrogen atom under the action of
an external uniform magnetic field. The vector potential can be chosen as:
~A(~r) =
1
2
~H × ~r, (8)
and the Lagrange’s Function can be written as:
L(~rp, ~re, ~vp, ~ve) =
1
2
mpv
2
p+
1
2
mev
2
e+
e2
‖~rp − ~re‖
+
e
2c
~H ·((~rp×~vp)−(~re×~ve)) (9)
Let’s do the substitution:
~R =
mp~rp +me~re
M
; ~r = ~re − ~rp (10)
(where M = mp +me), in such way that:
~rp = ~R−
me
M
~r; ~re = ~R+
mp
M
~r. (11)
Then we have
~rp × ~vp = ~R× ~˙R−
me
M
~r × ~˙R−
me
M
~R × ~˙r +
m2e
M2
~r × ~˙r,
3
and
~re × ~ve = ~R× ~˙R +
mp
M
~r × ~˙R+
mp
M
~R × ~˙r +
m2p
M2
~r × ~˙r.
Therefore
~rp × ~vp − ~re × ~ve = −~r × ~˙R− ~R× ~˙r −
mp −me
M
~r × ~˙r
and
L(~R,~r, ~˙R, ~˙r) =
1
2
M ~˙R
2
+
1
2
µ~˙r
2
+
e2
r
+ (12)
e
2c
~H ·
[
−~r × ~˙R− ~R× ~˙r −
mp −me
M
~r × ~˙r
]
,
where µ is the reduced mass.
The term − ~R × ~˙r depends of the position of the center of mass, which is
physically unacceptable. However, given that
− ~R× ~˙r = −
d(~R× ~r)
dt
− ~r × ~˙R,
the function (12) can be replaced by:
L(~R,~r, ~˙R, ~˙r) =
1
2
M ~˙R
2
+
1
2
µ~˙r
2
+
e2
r
− (13)
e
c
~H · (~r × ~˙R)−
e
2c
mp −me
M
~H · (~r × ~˙r),
or
L(~R,~r, ~˙R, ~˙r) =
1
2
M ~˙R
2
+
1
2
µ~˙r
2
+
e2
r
−
e
2µc
~H · (KL~L+ 2~S), (14)
where
KL =
mp −me
M
~L = µ~r × ~˙r,
and
~S = µ~r × ~˙R.
If not were by the term
1
2
M ~˙R
2
(14) looks like the Lagrange’s Function of a system with an intrinsic angular
momentum ~S.
The corresponding momenta are:
P~R =M
~˙R−
e
c
~H × ~r; ~p~r = µ~˙r −
e
2c
KL ~H × ~r (15)
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From this we get the energy, that is a constant of motion:
E =
1
2
M ~˙R
2
+
1
2
µ~˙r
2
−
e2
r
(16)
The equations of motion are:
M ~¨R =
e
c
~H × ~˙r (17)
and
µ~¨r = −
e2~r
r3
−
e
c
~˙ρ× ~H (18)
where
~˙ρ = ~˙R+KL~˙r (19)
Considering equation (17), we can realize that the kinetic energy of the
center of mass is not a constant of motion. Therefore, since the total energy
is conserved, the internal motion and the motion of the center of mass are not
independent: they are coupled nothing less than by the rules of transformation
of electromagnetic fields. Of course, all of this is classical, but still holds for
quantum mechanics.
The Hamilton’s Function is:
H(~R,~r, ~P~R,
~P~r) =
(~P~R +
e
c
~H × ~r)2
2M
+
(~p~r +
e
2c
KL ~H × ~r)
2
2µ
−
e2
r
, (20)
and the Hamiltonian Operator:
Hˆ =
(−ih¯∇~R +
e
c
~H × ~r)2
2M
+
(−ih¯∇~r +
e
2c
KL ~H × ~r)
2
2µ
−
e2
r
, (21)
After some algebra and the usual neglection of second order terms, (21) is
transformed into:
Hˆ = −
h¯2
2M
∇2~R −
h¯2
2µ
∇2~r −
e2
r
+
e ~H
2µ
· (KL lˆ + 2sˆ) (22)
where
lˆ = −ih¯~r ×∇~r, (23)
and
sˆ = −ih¯
µ
M
~r ×∇~R. (24)
showing that the usual formulation of the problem—that affords the main evi-
dence we have of the failure of Schro¨dinger’s theory to explain the properties of
atoms in presence of magnetic fields without introducing spin variables—is not
completely reliable, since it is grounded on four assumptions:
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1. That the operator −ih¯~r × ∇ corresponds to the angular momentum—in
presence of the magnetic field—and, therefore, that the allowed values
of the projection of the angular momentum along the magnetic field are
integral multiples of h¯.
2. That the energy of the motion of the center of mass and the internal energy
of a neutral system of electrical charges are physically independent, even
in presence of magnetic field.
3. That the energy of interaction with the magnetic field can be written in
the form:
E ~H = −~µ ·
~H.
where
~µ =
e
2µc
~L
4. That the projection of the operator −ih¯~r × ∇ along the magnetic field
represents a constant of motion.
We have already shown that the first is not sound, in the introduction. The
second and the third are not true, for the hydrogen atom, as follows from eq.
(22). Finally, We notice that:
[sˆi, lˆj] = −ih¯
µ
M
ǫiab[ra, lˆj]
∂
∂Rb
= h¯2
µ
M
ǫabiǫajcrc
∂
∂Rb
= (25)
h¯2
µ
M
(δbjδic − δbcδij)rc
∂
∂Rb
= h¯2
µ
M
(
ri
∂
∂Rj
− δij~r · ∇~R
)
.
In particular
[sˆz, lˆz] = −h¯
2 µ
M
(
rx
∂
∂Rx
+ ry
∂
∂Ry
)
Consequently,
[Hˆ, ~H · lˆz] 6= 0,
showing that the fourth assumption isn’t true either.
This and the striking structure of function (14) cast serious doubts on the
very existence of spins as intrinsic angular momenta.
Actually, as we’ll prove in next section, (14) is the correct Lagrange’s Func-
tion for an atom in an inhomogeneous magnetic field, where ~H is simply replaced
by ~H(~R), and the corresponding equation of motion for the center of mass is:
M ~¨R =
e
c
~H × ~˙r +
e
c
[( ~˙R · ∇~R)
~H ]× ~r −
e
2µc
∇~R[
~H · (KL~L+ 2~S)] (26)
Given that
( ~˙R · ∇~R)
~H = ∇~R(
~˙R · ~H)− ~˙R × (∇× ~H)
and
∇× ~H = ~0
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for any external field, equation (26) can be written as:
M ~¨R =
e
c
~H × ~˙r +
e
c
∇~R(
~˙R · ~H)× ~r −
e
2µc
∇~R[
~H · (KL~L+ 2~S)], (27)
or, based on similar reasons:
M ~¨R =
e
c
~H × ~˙r +
e
c
∇~R(
~˙R · ~H)× ~r −
e
2µc
((KL~L+ 2~S) · ∇~R)
~H, (28)
that can be simplified to
M ~¨R =
e
c
~H × ~˙r −
e
2µc
((KL~L+ 2~S) · ∇~R)
~H (29)
wherever the component of ~˙R along ~H could be neglected.
Equation (29) shows that the trajectory of the the center of mass can be
deflected by the Stern-Gerlach apparatus even if ~L = 0. The term e
c
~H × ~˙r
that we have encountered before, predicts a spreading of a beam of atoms in
the direction perpendicular to the magnetic field and to the overall direction of
motion, even in a uniform magnetic field.
The gyromagnetic ratio of the internal angular momentum becomes zero
where mp = me, as happens with positronium, for which no contribution to
the magnetic momentum results from the internal angular momentum. In those
cases equation (28) is simplified to:
M ~¨R =
e
c
~H × ~˙r +
e
c
∇~R(
~˙R · ~H)× ~r −
e
µc
(~S · ∇~R)
~H, (30)
3 Atom in an Inhomogeneous Magnetic Field
We’ll consider now a situation where the magnetic field is not uniform, but
remains almost constant inside the atom, in such way that the vector potential
can be smoothly approximated by a linear function.
The classical Lagrange’s Function is:
L(~rp, ~re, ~vp, ~ve) =
1
2
mpv
2
p+
1
2
mev
2
e +
e2
‖~rp − ~re‖
+
e
c
( ~A(~rp) ·~vp− ~A(~re) ·~ve) (31)
We introduce the substitutions (10) and the notation:
δ~rp = −
me
M
~r; δ~re =
mp
M
~r. (32)
To transform (31) to the system of the center of mass we’ll make use of the
relation:
~v · ~A(~R+ δ ~R) ≈ ~v · ~A(~R) + δ ~R · [(~v · ∇~R)
~A(~R) + ~v × ~H(~R)], (33)
—valid for any constant vector ~v—.
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First, we have:
~vp · ~A(~rp) ≈
(
~˙R−
me
M
~˙r
)
· ~A(~R)−
me
M
~r · [( ~˙R · ∇~R)
~A(~R)] (34)
−
me
M
~H(~R) · (~r × ~˙R) +
m2e
M2
~r · [(~˙r · ∇~R)
~A(~R)] +
m2e
M2
~r · (~˙r × ~H(~R))
and
~ve · ~A(~re) ≈
(
~˙R+
mp
M
~˙r
)
· ~A(~R) +
mp
M
~r · [( ~˙R · ∇~R)
~A(~R)], (35)
+
mp
M
~H(~R) · (~r × ~˙R) +
m2p
M2
~r · [(~˙r · ∇~R)
~A(~R)] +
m2p
M2
~r · (~˙r × ~H(~R)),
and, therefore:
~vp · ~A(~rp)− ~ve · ~A(~re) ≈ −~˙r · ~A(~R)− ~r · [( ~˙R · ∇~R)
~A(~R)] (36)
− ~H(~R)(~R) · (~r × ~˙R)−
mp −me
M
~r · ((~˙r · ∇~R)
~A(~R))−
mp −me
M
~H(~R) · (~r × ~˙r)
Now we can rewrite (31) as:
L(~rp, ~re, ~vp, ~ve) =
1
2
M ~˙R
2
+
1
2
µ~˙r
2
+
e2
‖~rp − ~re‖
(37)
+
e
c
[−~˙r · ~A(~R)− ~r · [( ~˙R · ∇~R)
~A(~R)]− ~H(~R) · (~r × ~˙R)
−
mp −me
M
~r · ((~˙r · ∇~R)
~A(~R))−
mp −me
M
~H(~R) · (~r × ~˙r)]
Given that
− ~˙r · ~A(~R)− ~r · [( ~˙R · ∇~R)
~A(~R)] = −
d(~r · ~A(~R))
dt
(38)
(37) can be simplified to:
L(~rp, ~re, ~vp, ~ve) =
1
2
M ~˙R
2
+
1
2
µ~˙r
2
+
e2
‖~rp − ~re‖
(39)
+
e
c
[− ~H(~R) · (~r × ~˙R)−
mp −me
M
~r · ((~˙r · ∇~R))
~A(~R)
−
mp −me
M
~H(~R) · (~r × ~˙r)]
Let’s use tensors for the analysis of the term ~r · ((~˙r · ∇~R)
~A(~R)):
~r · ((~˙r · ∇~R)
~A(~R)) = rir˙j∂jAi =
rir˙j − rj r˙i
2
∂jAi +
rir˙j + rj r˙i
2
∂jAi =
ǫijkǫkab
2
rar˙b∂jAi +
rir˙j + rj r˙i
2
∂jAi =
8
−
1
2
~H · (~r × ~˙r) +
~r · (~˙r · ∇~R) + ~˙r · (~r · ∇~R)
2
~A(~R)
The Lagrange’s Function takes the form:
L(~rp, ~re, ~vp, ~ve) =
1
2
M ~˙R
2
+
1
2
µ~˙r
2
+
e2
‖~rp − ~re‖
(40)
+
e
c
[− ~H(~R) · (~r × ~˙R)−
mp −me
2M
~H(~R) · (~r × ~˙r)
−
mp −me
M
~r · (~˙r · ∇~R) + ~˙r · (~r · ∇~R)
2
~A(~R)]
Further, we write:
~r · (~˙r · ∇~R) + ~˙r · (~r · ∇~R)
2
~A(~R) =
1
2
d(~r · (~r · ∇~R)
~A(~R))
dt
− (~r · (~r · ∇~R))(
~˙R · ∇~R)
~A(~R)
demonstrating that the last term of the Lagrange’s Function is equal to a total
derivative plus a term of the second order—in the atomic dimensions—that can
be neglected since we have supposed that the vector potential can be smoothly
approximated by a linear function inside the atom. Therefore:
L(~rp, ~re, ~vp, ~ve) =
1
2
M ~˙R
2
+
1
2
µ~˙r
2
+
e2
‖~rp − ~re‖
(41)
−
e
c
[ ~H(~R) · (~r × ~˙R) +
mp −me
2M
~H(~R) · (~r × ~˙r)],
which is the same as (13), but with a magnetic field that depends on the coor-
dinates of the center of mass, confirming our claim that classical mechanics—
and therefore Schro¨dinger theory also, as follows from Ehrenfest’s Theorem—
predicts the result of the Stern-Gerlach experiment.
The Hamilton’s Function and the Hamiltonian Operator take the same form
as (20) and (21), respectively—where ~H is replaced by ~H(~R).
4 On the Classical Magnetic Field of the Hydro-
gen Atom
We’ll estimate the magnetic field produced by the classical hydrogen atom start-
ing from the classical low-speed-short-distance approximation of the vector po-
tential of a charge q that moves along the trajectory ~r(t):
~A(~x) =
q
c
~˙r
‖~x− ~r‖
(42)
Obviously, the results wont be valid inside the atom or too far from it.
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From the superposition principle:
~A(~x) = ~Ap(~x) + ~Ae(~x), (43)
where
~Ap(~x) =
e
c
~vp
‖~x− ~rp‖
and ~Ae(~x) = −
e
c
~ve
‖~x− ~re‖
(44)
First we do the substitutions (10). The result is
~Ap(~x) =
e
c
~˙R− me
M
~˙r
‖~x− ~R+ me
M
~r‖
(45)
and
~Ae(~x) = −
e
c
~˙R +
mp
M
~˙r
‖~x− ~R−
mp
M
~r‖
(46)
We’ll suppose that ‖~x− ~R‖ > ‖~r‖, in such way that the following approxi-
mations are reliable:
1
‖~x− ~R+ me
M
~r‖
≈
1
‖~x− ~R‖
−
me
M
(~x − ~R) · ~r
‖~x− ~R‖3
1
‖~x− ~R−
mp
M
~r‖
≈
1
‖~x− ~R‖
+
mp
M
(~x− ~R) · ~r
‖~x− ~R‖3
Then we can show that:
~Ap(~x) =
e
c
(
~˙R
‖~x− ~R‖
−
me
M
~˙r
‖~x− ~R‖
−
me
M
(~x− ~R) · ~r
‖~x− ~R‖3
~˙R +
m2e
M2
(~x − ~R) · ~r
‖~x− ~R‖3
~˙r
)
(47)
~Ae(~x) =
e
c
(
−
~˙R
‖~x− ~R‖
−
mp
M
~˙r
‖~x− ~R‖
−
mp
M
(~x− ~R) · ~r
‖~x− ~R‖3
~˙R−
m2p
M2
(~x− ~R) · ~r
‖~x− ~R‖3
~˙r
)
(48)
Therefore:
~A(~x) =
e
c
(
−
~˙r
‖~x− ~R‖
−
(~x− ~R) · ~r
‖~x− ~R‖3
~˙R−KL
(~x− ~R) · ~r
‖~x− ~R‖3
~˙r
)
(49)
where
KL =
mp −me
M
.
In the common treatment of this problem, it’s assumed that ~˙R = ~0—and,
therefore, that the atom is actually in rest. This allows to omit the second term,
and the first, after time-averaging. The time average of the vector potential is
then taken as:
〈 ~A(~x)〉 = −
e
c
KL
(~x− ~R) · ~r
‖~x− ~R‖3
~˙r (50)
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Further it is noticed that:
(xj −Rj)rj r˙i =
(xj −Rj)(rj r˙i − rir˙j)
2
+
(xj −Rj)(rj r˙i + rir˙j)
2
=
(xj −Rj)(rj r˙i − rir˙j)
2
+
1
2
(xj −Rj)
d(rirj)
dt
The last term is omitted through time-averaging and so the usual relation
between angular momentum and magnetic moment emerges, since:
〈 ~A(~x)〉 = −
e
2µc
KL
~L× (~x− ~R)
‖~x− ~R‖3
(51)
and, therefore:
~µ = −
e
2µc
KL~L. (52)
It is necessary to stress the fact that the magnetic moment as defined by
eq. (52), that proceeds from an average of dynamical variables, can only be
used to estimate, not to compute, the instantaneous energy associated to the
interaction of the atom with an external magnetic field, and, therefore, by itself,
is not acceptable for quantization.
Furthermore, even at this statistical level, we have a correction to the gyro-
magnetic ratio:
g =
e
2µc
KL, (53)
which is important, because g = 0 for the positronium atom.
To simplify the task of understanding the magnetic field associated to the
potential (49) we write it as a sum of two terms:
~A(~x) = ~A1(~x) + ~A2(~x) (54)
where
~A1(~x) = −
e
c
~˙r
‖~x− ~R‖
(55)
and
~A2(~x) = −
e
c
(~x− ~R) · ~r
‖~x− ~R‖3
( ~˙R +KL~˙r) (56)
The field associated to the first term:
~H1(~x) = −
e
c
~˙r × (~x− ~R)
‖~x− ~R‖3
, (57)
is like a magnetic spinning belt, surrounding the atom, with the axis parallel to
~˙r. The intensity of this field decreases as ‖~x− ~R‖−2. Therefore, it has a longer
range than the dipolar terms and cannot be compensated by them.
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The second term (56) produces the field:
~H2(~x) = −
e
c
( ~˙R+KL~˙r)×
3(~r · (~x − ~R))(~x − ~R)− ‖~x− ~R‖2~r
‖~x− ~R‖5
, (58)
that can be written as:
~H2(~x) =
1
c
( ~˙R +KL~˙r)× ~E~p(~x), (59)
where
~E~p =
3(~p · (~x − ~R))(~x − ~R)− ‖~x− ~R‖2~p
‖~x− ~R‖5
(60)
is the electric field associated to the electric dipole −e~r.
The electric field—under the same approximations—is given by:
~E(~x) = ~E~p(~x)−
1
c
∂ ~A(~x)
∂t
(61)
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